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The problem of acoustic radiation generated by a spatially growing instability wave
of a supersonic two-dimensional mixing layer is studied. It is shown that at high
supersonic Mach numbers the classical locally parallel-flow hydrodynamic stability
theory as well as the more recent theories based on the method of multiple scales (e.g.
Saric & Nayfeh 1975; Crighton & Gaster 1976; Plaschko 1979; Tam & Morris 1980)
would fail to give even a first-order instability wave solution. Physically, at these
high flow speeds the radiated sound field is no longer an insignificant part of the total
phenomenon. The disturbances associated with the flow-instability process now
extend from the mixing layer all the way to the far field. The problem is therefore
global in nature. Methods of solution which are predicated on local approximations
such as the classical locally parallel-flow hydrodynamic-stability theory or the
method of multiple scales are hence inappropriate and inapplicable. A global solution
based on the method of matched asymptotic expansions is constructed. The outer
solution is valid outside the mixing layer. It provides a mathematical description of
the radiated acoustic field and the pressure near field. The near field in this case
consists of both the acoustic and the hydrodynamic (non-propagating) fluctuation
components. The inner solution is valid inside and in the immediate vicinity of the
mixing layer. Physically it represents the instability wave of the flow. Matching is
carried out according to the intermediate matching principle of Van Dyke (1975) and
Cole (1968). Matching terms to order unity gives the basic instability-wave solution.
Matching terms to the next order gives the instability- and acoustic-wave amplitude
equation. For low-Mach-number flows it is found that the present results agree with
the multiple-scales solution of Tam & Morris (1980).

1. Introduction

In this and the companion paper (Part 2, Tam & Burton 1984) the phenomenon
of sound generation by spatially growing instability waves in high-speed flows is
investigated. This process of noise generation is most effective when the flow is
supersonic relative to the ambient speed of sound. In the past, a number of
investigators e.g. Sedel'nikov (1967), Tam (1971, 1972, 1975), Bishop, Ffowcs
Williams & Smith (1971), Chan & Westley (1973) and Morris (1977) have suggested,
on theoretical grounds, that flow instabilities could be the dominant noise-generation
mechanism in supersonic jets. This idea was confirmed in a series of low-Reynolds-
number supersonic-jet experiments by McLaughlin, Morrison & Troutt (1975, 1977).
More recently Troutt (1978) and Troutt & McLaughlin (1982) repeated the same
experiment at a moderately high Reynolds number and came to the same conclusion.
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As a part of their study, Troutt & McLaughlin gently excited their jet by a glow
discharge mounted flush at the nozzle exit. Under this condition hot-wire measure-
ments in the jet flow and microphone measurements in the pressure near field outside
the jet revealed the presence of a spatially growing instability wave at the forced
frequency. Associated with the instability wave was an acoustic field. This acoustic
field extended all the way to the boundaries of the anechoic chamber. In the present
theoretical investigation, efforts will be confined primarily to the experimental
situation just described. The basic reason for this is that the excited instability-wave
problem is deterministic and consists of one dominant instability wave only. On the
other hand, in an unexcited or natural jet the unsteady-flow components comprise
a broad band of randomly mixed instability waves. To describe the gross dynamical
behaviour of this band of waves a stochastic or statistical formulation becomes
necessary.

Classical hydrodynamic-stability theory of a compressible flow (see e.g. Lees & Lin
1946; Lin 1953; Lees & Reshotko 1962; Mack 1965, 1975; Blumen 1970, 1971;
Reshotko 1976) does not predict acoustic radiation by instability waves. In fact, the
whole question had been completely ignored until the recent work of Tam & Morris
(1980). The point of departure of the analysis of Tam & Morris from classical
hydrodynamic stability theory is their recognition that to determine sound radiation
a global solution of the entire wave propagation phenomenon is necessary. To
understand this physically, let us examine the noise-generation processes involved.
In free shear flows such as mixing layers or jets, the mean flow diverges slowly in
the flow direction owing to the entrainment of ambient fluid. Over the initial region
where the shear layer is thin and the mean-velocity gradient is large the amplitude
of an excited instability wave grows very rapidly. As the wave propagates downstream
the growth rate reduces. This is because as the flow slowly diverges the transverse
velocity gradient is gradually reduced. Eventually at some point downstream the
growth rate of the wave becomes zero. On propagating further downstream the wave
becomes damped. Its amplitude decreases as it continues to propagate until it
becomes vanishingly small. The growth and decay of the wave amplitude is extremely
important to the sound-radiation process. This is especially true for instability waves
with subsonic phase velocity relative to the ambient sound speed. It is well known
that a subsonic wave of constant amplitude does not generate sound in a compressible
medium. Such a wave has a discrete wavenumber spectrum. However, for a
fixed-frequency instability wave whose amplitude undergoes growth and decay
spatially its wavenumber spectrum is no longer discrete. Instead, it is broadband.
Some of these broadband wave components, especially those of small wavenumbers,
would actually be moving with supersonic phase velocities. These supersonic phase
disturbances, by the wavy-wall analogy, will immediately lead to acoustic radiation.

To describe the growth and decay of the excited instability waves due to the slight
mean-flow divergence Tam & Morris (1980) employed the method of multiple-scales
asymptotic expansion (see e.g. Nayfeh 1973). In recent years the use of the method
of multiple scales for the analysis of slightly non-parallel flow instability waves has
become quite popular (e.g. Saric & Nayfeh 1975, 1977; Crighton & Gaster 1976 ; Garg
& Round 1978; Plaschko 1979; Morris 1981). The procedure adopted by Tam & Morris
is very similar to the method of Saric & Nayfeh (1975). However, the multiple-scales
instability-wave solution, just as the classical locally parallel-flow normal-mode
solution, predicts no sound radiation. As a matter of fact, all these solutions are
constructed with the boundary condition that the wave disturbances decay to zero
far away from the mixing layer or jet. Thus by itself the multiple-scale solution could
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never yield any possible acoustic field associated with the instability wave. This
inadequacy of the multiple-scales asymptotic expansion solution was recognized by
Tam & Morris, who showed that the asymptotic expansion is actually not uniformly
valid outside the flow. Away from the flow, acoustic disturbances propagate in all
directions, so that all spatial coordinates must be treated on an equal footing.
Solutions obtained by the multiple-scales asymptotic expansion method, which
purposely scales different spatial coordinates unevenly, are therefore inappropriate.
They should not be used in the far-field region. Based on this reasoning, Tam & Morris
proposed a way to construct an extended solution of the multiple-scales instability-
wave solution by the method of Fourier transform. This extended solution is
uniformly valid outside the mean flow. By means of this extended solution Tam &
Morris (1980) were able to calculate the acoustic radiation associated with the excited
instability waves in compressible two-dimensional mixing layers. Some numerical
results were provided in their work and qualitative agreements with supersonic jet
noise data were pointed out.

So far the method of multiple-scales asymptotic expansion has proven to be useful
for the computation of instability waves at low-to-moderate-speed flows. However,
the method appears to break down for high-velocity flows. Specifically, when an
instability wave having supersonic phase velocity relative to the ambient speed of
sound becomes neutrally stable as it propagates downstream, one is unable to use
this method {and the classical hydrodynamic stability theory as well) to continue the
solution into the damped region. The problem is new and fundamental and does not
seem to have been described or encountered elsewhere before. To illustrate this
‘damped supersonic wave’ phenomenon let us consider the propagation of an
instability wave along a supersonic jet. For convenience, we will assume that the
instability wave is initiated by external disturbances of a single frequency at the
nozzle exit. Just downstream of this location the shear layer is thin and the wave
is unstable. For unstable waves the local instability solution {this is the lowest-order
term of the multiple-scales asymptotic expansion) can readily be found by solving
the appropriate local eigenvalue problem. This local eigenvalue problem is made up
of the linearized compressible-flow equations and the boundedness condition. The
boundedness condition is to be applied at the centreline of the jet and at a faraway
location outside the jet. To simplify the analysis we will regard the fluid outside the
jet as inviscid. However, it is, in fact, quite easy to show that viscosity does not play
any essential role in the problem under consideration. Now outside the jet the mean
flow is effectively zero so that the linearized equations of motion can be solved in
closed form. With respect to a cylindrical coordinate system (r, &, x) centred at the
nozzle exit and the x-axis pointing in the direction of flow, the lowest-order pressure
perturbation associated with the instability wave of the nth azimuthal mode and
angular frequency w can be written in terms of the nth-order Hankel function of the
first kind H as

x
p(r,8,2,t) = Re {AHS) (ir (a2 — w?/a2,)t) expi(f0 adx+n0—wt>}, (1.1)

where Re{ } = the real part of { }.

In (1.1) 4 is the slowly varying wave amplitude, « is the slowly varying eigenvalue
(wavenumber) of the instability wave and a, is the ambient speed of sound. To ensure
that the eigenfunction is bounded or represents an outgoing wave as r - o0, the branch
cuts of the square-root function in the argument of the Hankel function will be chosen
to satisfy the condition —in < Arg (@ —w?/ad )} < I (1.2)
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Fiaure 1. The complex a-plane showing branch cuts (limit § ->0%) and possible trajectories of the
local eigenvalues of an instability wave with supersonic phase velocity initially.

These branch cuts extend from the branch points a = w/a,, and —w/a, to infinity
in the complex a-plane as shown in figure 1. It is straightforward to see that an
eigenvalue at the branch point a = w/a,, corresponds to a wave travelling with
exactly the ambient speed of sound in the jet flow direction. Immediately downstream
of the nozzle exit the excited wave is unstable. That is, the local eigenvalue a has
a negative imaginary part. For a very-high-speed jet the local phase velocity of the
instability wave in this region is supersonic with respect to the ambient speed of sound
s0 that the real part of a is positive but less than w/a,. In other words the local
eigenvalue lies initially at a point in the fourth quadrant of the a-plane as depicted
in figure 1. As the instability wave propagates downstream its growth rate reduces
as discussed before. This means that at this new location of the jet the imaginary
part of the local eigenvalue is less negative. It is, therefore, represented by a point
closer to the real a-axis. On following the propagation of the instability wave
downstream one finds that the local eigenvalue traces a trajectory in the a-plane
which moves closer and closer to the real axis. Since the mean velocity of the jet
gradually decreases in the flow direction the phase velocity of the instability wave
would eventually become subsonic. This may occur before the wave reaches the region
of the jet where it becomes damped. When this happens the trajectory of the local
eigenvalue would cross the real a-axis at a point lying to the right of the branch cut
as indicated by path ‘A’ of figure 1. In this case the use of the method of multiple
scales to obtain a global wave solution encounters no difficulty as was in the work
of Tam & Morris (1980). However, for very-high-speed flows the phase velocity of
the excited instability wave could remain supersonic even when the wave enters the
part of the jet where it is damped. A wave of this kind would have a trajectory similar
to that of path ‘B’ in figure 1. The trajectory terminates at the branch cut. Since
one is not allowed to cross the branch cut it is therefore impossible to continue the
eigensolution downstream of this point (and still satisfy the boundedness condition
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Figure 2. The complex a-plane showing the trajectories of the local eigenvalues of the axisymmetric
(n = 0) and the helical (» = 1) instability wave modes of a cold supersonic jet. Mach number 1.5,
Strouhal number = 0.15, b = half-width of the mixing layer of the jet. All quantities are non-
dimensionalized by the radius of the jet at the nozzle exit.

at r > o0). In addition, it is also important to point out that right at the branch cut
the wave is neutrally stable. At this neutral stable point the local eigenfunction has
the form of an undamped cylindrical wave at r > co0. In the method of multiple-scales
asymptotie expansion (see Nayfeh 1973; Saric & Nayfeh 1975; Crighton & Gastor
1976; Tam & Morris 1980; Morris 1981) this eigenfunction is used to compute the
integrals of the solvability condition at the next stage of the analysis. The solvability
condition is crucial to the success of the method, as it determines the slowly varying
wave amplitude. But at the supersonic neutral stable condition the integrals, now
having the neutrally stable eigenfunction in their integrands, become divergent. Thus
when the branch cut is reached it is impossible to calculate the slowly varying wave
amplitude as well. Clearly therefore one is forced to conclude that the method of
multiple-scalesasymptotic expansion would break down completely when a supersonic
instability wave becomes damped.

We will now demonstrate by a concrete numerical example that this ‘damped
supersonic wave’ phenomenon can occur even at moderately high jet Mach number
(otherwise it would be of no practical concern to us). Figure 2 shows the trajectories
of the eigenvalues of the axisymmetric mode (n = 0) and the helical (r = 1) mode
instability waves of a cold supersonic jet of Mach number 1.5 excited at a Strouhal
number 0.15. In calculating these trajectories the mean-velocity profile of the jet has
been assumed to consist of a uniform flow in the core region and a half-Gaussian
velocity profile in the mixing layer. The core radius and the half-width b of the mixing
layer are further assumed to be related by the requirement of conservation of total
momentum flux, a condition verified experimentally (see Eggers 1966). This velocity
profile has been found to approximate the measured data quite well in many instances
(e.g. Troutt 1978: also we have tested this profile against the data of Eggers 1966;
Lau, Morris & Fisher 1979; Lau 1981). As can be seen in this figure, the helical
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instability wave has subsonic phase velocity downstream of the location where the
half-width of the mixing layer is slightly greater than 10 9% of the nozzle exit radius.
The trajectory of this wave crosses the real axis at a subsonic point so that the method
of multiple scales is useful for calculating a global solution. On the other hand, the
phase velocity of the axisymmetric instability wave is supersonic for all values of b
(non-dimensionalized by the nozzle exit radius) up to 0.97, at which the wave becomes
neutrally stable. Beyond this value of b no eigensolution of the same family satisfying
the boundedness condition at r>oo can be found. That is to say, the method of
multiple scales would not be able to provide an adequate mathematical description
of the spatial evolution of the axisymmetric instability wave of a round jet even at
a modest supersonic Mach number of 1.5.

There are two primary objectives in the present investigation. The first is to
develop a new mathematical procedure capable of calculating the global solution of
excited instability waves in high-speed flows. Here global solution refers not only to
the instability-wave solution in the flow but also its associated acoustic field as well.
The second objective is to verify, as unambigously as possible, the suggestion that
large coherent disturbances are important sources of sound in supersonic flows by
comparing the calculated flow and acoustic field of the instability wave solution with
the experimental measurements of Troutt (1978) and Troutt & McLaughlin (1982).
Troutt’s experiment (see also Troutt & McLaughlin 1982) on a 2.1 Mach-number
axisymmetric cold-air jet is selected for comparison because it provides the only
available set of reliable laboratory flow and acoustic data at a Reynolds number which
can be considered closely approximating that of a practical jet. It is worth while to
point out that most previous experiments were carried out with the purpose of
measuring either the instability-wave characteristics in the flow or the spectra and
directivity of the acoustic field of a jet but never both at the same time. With respect
to our first objective, we note that the global solution of Tam & Morris (1980)
including the acoustic field for two-dimensional mixing layers is correct as far as
subsonic phase velocity instability waves are concerned. So it would provide an
important check to any new method of solution. Further, as can be seen in their paper,
many separate steps are necessary to construct the overall solution. It would be best
to avoid complicating the presentation of our new method of solution by very
involved algebraic expressions. Because of these many considerations we feel that it
is prudent to report the results of our investigation in two parts. Part 1 outlines the
new method of solution for the problem of sound radiation by instability waves in
two-dimensional mixing layers. Unlike the supersonic jet problem where complicated
special functions are involved the algebra in this case is rather straightforward.
Moreover, working out the solution of this problem allows a direct comparison with
the results of Tam & Morris (1980). In Part 2 numerical results of the excited
instability waves of a cold supersonic jet will be presented. These theoretical
predictions are then compared with the hot-wire measurements of Troutt (1978) and
Troutt & McLaughlin (1982) inside the jet flow and their microphone measurements
in the acoustic field.

The main reason that the method of multiple scales fails to provide a damped
supersonic wave solution is the non-existence of a local solution of the same family
which remains bounded at large distance from the sheared region of the mean flow.
However, Tam & Morris (1980) have already shown that the multiple-scales solution
is not actually valid in these faraway regions. Therefore a correct way to treat the
problem might simply consist of the relaxation of the boundedness condition at
infinity, where the solution is not valid in the first place. In fluid mechanics, problems



Sound generated by instability waves of supersonic flows. Part 1 255

Sound

R / .
: —/ ® Plane shear

‘~22L-\;__‘__ layer
T I\
Instability wave T

Sound

Fiaure 3. Instability wave in a two-dimensional mixing layer.

involving non-uniformity and/or non-boundedness of asymptotic expansions of the
kind encountered here are quite common. These problems are generally referred to
as being ‘singular’. In the literature several methods of treating singular perturbation
problems are known. Here we will show that the method of matched asymptotic
expansions when suitably adopted can provide valid global solutions of excited
instability waves at high-speed flows. Within the framework of the method of
matched asymptotic expansions a separate solution, the outer expansion, which is
valid outside the shear layer, will be constructed. It will become clear later that this
outer expansion is the same as the extended solution of Tam & Morris when the phase
velocity of the instability wave is subsonic. Now instead of requiring boundedness
of solution at infinity, the outer boundary condition of the instability wave solution
(this is the first term of the inner expansion according to the usual terminology of
the method of matched asymptotic expansion) is that it matches the outer expansion
in the overlap domain of validity. This overlap domain exists just outside the sheared
region of the mean flow. Although a number of non-trivial steps are necessary to
accomplish this yet, in a nutshell, this is the way we propose to resolve the branch
cut problem of the ‘damped supersonic wave’ phenomenon.

To apply the method of matched asymptotic expansions, the first important step
is the choice of the appropriate inner and outer variables. For slowly divergent free
shear flows such as two-dimensional mixing layers the rate of spread ¢ is usually a
small parameter. If x is the coordinate in the direction of flow and y is the coordinate
in the direction of the mean shear gradient (see figure 3) then the mean flow is a
function of y and the slow variable s, where s = ex. The set of inner variables suitable
for the description of the excited instability waves in the mixing layer is also (s, y).
It turns out that to the lowest order in ¢ the differential equation does not involve
derivatives in s, so that s becomes a local parameter. Therefore this selection of inner
variables effectively ensures that the lowest-order solution is identical with that of
the classical locally parallel-flow approximation. Before choosing the outer variables
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it would be helpful to recall that the overall spatial growth and decay of the wave
amplitude is crucial to sound radiation. Clearly this gradual amplitude variation in
the flow direction is a function of the slow variable s. This physical consideration
suggests that the appropriate outer variable in the flow direction is s. Further, since
sound propagates without inherently preferred direction in the far field, the spatial
variables in this region must be scaled in the same manner in all directions. Hence
a suitable set of outer variables for the present problem appears to be (s, #), where
7= ey.

In §§3 and 4 the inner and outer asymptotic expansions corresponding to an excited
instability wave in a two-dimensional mixing layer and its associated acoustic fields
are constructed in terms of the inner and outer spatial variables (s,y) and (s, 7).
Matching of these solutions is carried out in §§5 and 6. It is to be noted that the
overlap domains lying just outside the shear layer where both the inner and outer
asymptotic expansions are valid turns out to be quite narrow. Because of this,
matching is performed in terms of intermediate variables according to the intermediate
matching principle (see Van Dyke 1975, §5.8). Resolution of the problem of ‘damped
supersonic wave’ by means of analytic continuation is discussed in §7. Finally, the
present inner and outer asymptotic expansions of excited instability waves with
subsonic phase velocity are shown to be identical with the results of Tam & Morris
(1980).

2. The physical problem

The spatial evolution of a small-amplitude instability wave in a pre-existing
two-dimensional supersonic mixing layer as shown in figure 3 is considered. The
instability wave is assumed to be initiated by a localized external excitation of
frequency £2 near the trailing edge of the splitter plate. On account of the boundary
layer on the splitter plate the mixing layer has an initial thickness of L at a distance
x, downstream of the virtual origin. The static pressure will be taken to be constant
throughout the low. Since the mean flow is dynamically unstable even in the absence
of viscosity, the instability wave and its acoustic field will be assumed to satisfy the
linearized inviscid, compressible equations of motion. These equations are the
linearized continuity, momentum and energy equations together with the equation
of state. In dimensionless form using the freestream quantities U, p_, as the velocity
and density scales, L (the initial thickness of the mixing layer) as lengthscale and
L/U,,p, U% asthe time and pressure scales respectively, these equations can readily
be written as

%.{.a%.{. ’%—_la‘p/ 2.1
op’  _op’ 1 Ou; oy
ot o, T e, YT 5, = O 22)

where primes denote fluctuating quantities, 7 is the ratio of specific heats and M is
the freestream Mach number. The mean flow of the two-dimensional mixing layer
isaslowly varying function of the coordinate in the flow direction. Measured mean-flow
profiles will be used. Experimental data obtained by Liepmann & Laufer (1947) and
at supersonic Mach numbers by Hill & Page (1969) show that the mean velocities
may be presented analytically in the form

u = (uly/s), ev(y/s),0), (2.3a)
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where
a=1 =0 (y2ym) (2.3b)

=0, ed=¢eb, (¥<—y,). (2.3¢)

This form of the mean-flow profile was also used by Tam & Morris (1980). In (2.3a—¢)
s = ex, where ¢ is a measure of the rate of spread of the mixing layer. Numerically
¢, which is a function of Mach number, is less than 0.1 and will be regarded here as
a small parameter of the problem. The two velocity components of (2.3a) are related
by the continuity equation. For freestream Mach number up to about two, a
physically realistic approximation is to assume that the static temperature, and hence
the density also, is constant in the mean continuity equation. This simplifying
assumption adopted by Tam & Morris can, however, be easily relaxed. To account
for the compressibility effects in the linearized momentum and energy equations (2.1)
and (2.2), the mean density p will be taken to be related to the mean velocity by
Crocco’s relation.

Since the instability wave is initiated by external excitation of frequency w, the
solution of (2.1) and (2.2) will have a time-dependent factor of the form exp (—iwt).
Thus on separating out this time factor the governing equations for the spatial part
of the solution are

gy g, L0 2.4
P o, T3x;, poxy (24)

) _Op 1 duy ou;

lwp+?l/jéx—j ng—] ’ypé?j— O (25)

These are the equations to be solved in the mixing layer as well as in the acoustic
field. Because of the variable coefficients involved a simple analytical solution which
is valid everywhere cannot be found. In the rest of this paper a solution that
represents physically a spatially growing instability wave and its associated acoustic
field will be constructed by the method of matched asymptotic expansions. The inner
solution is to be valid inside the mixing layer and in the adjacent near pressure field
outside the mixing layer. The fluctuation in the near field consist of both hydro-
dynamic (non-propagating) and acoustic components. The outer solution is to be valid
in the acoustic far field and the near field. These two solutions are to be matched in
the near pressure field where both solutions are valid.

3. The inner solution

As discussed in §1, the appropriate inner variables are y and the slow variable s.
Physically the inner solution models a wave that propagates through a slightly
inhomogeneous medium formed by the mean flow. Problems of this kind have been
studied extensively before (e.g. Whitham 1974, §11.8). Such a wave may be
represented analytically in the form of an asymptotic expansion with ¢, the rate of
spread of the mixing layer, as the small parameter.

u Uy (8, Y)
o«

vi= X €?] vyls,y) | et (3.1)
n=0

P PalS, Y)
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In (3.1) s = ex is the slow variable and 6(s) is the phase function. For convenience
we will denote the derivative of 6(s) by a(s); that is,
dé(s)
ds

= a(s). (3.2)

Physically a(s) is the local (complex) wavenumber.
Substitution of (3.1) into (2.4) and (2.5) and partitioning terms according to powers
of ¢ and then eliminating all other variables in favour of pressure p gives, to order

unity _ _
v %*p, [ 20 duw 1 ap:| Py . = _
— — = |=— —[a?—p M (w—a’)?*] p, = 0. B
In general the order e”? equation is

I
oy® oy

—[a?—pMi(w—a@)|p, =X, (M=1,23,..).
(3.4)

The inhomogeneous term y,, on the right-hand side of (3.4) contains only lower-order

quantities, 1.e. pg, Py, ..y Pr_1-
Now for y > y,,, on account of the mean flow given by (2.3b), (3.3) reduces to

w—audy poy

0*py
o + [ M¥w—a)?—a?]p, =0. (3.5)
Two linearly independent solutions of (3.5) are
po=eMY, pg=e MY, (3.6)
where (@) = [M0—a)—a?. (3.7)

At this time any branch of the square root of the right-hand side of (3.7) may be used.
However, to facilitate the process of matching of solutions which will be carried out
later, it is advantageous to choose the branch cuts for A, in the a-plane as shown
in figure 4. This choice of the branch cut assures that 0 < arg (A,) < n in the entire
complex a-plane.

Let £ (s, y) and {y(s, y) be two linearly independent solutions of (3.3) such that for

Y>Ym g, = ety g, = e iy, (3.8)
The general solution of the zeroth-order inner solution may be written as

Poly, 8) = Ao(s) Ei(s, )+ Bo(s) &els, ). (3.9)
In (3.9) 4,(s) and By(s) are unknown amplitude functions.

In the region just below the mixing layer, i.e. y < —y,, (3.3) becomes

82]) 9 2 2

& —(a?—=p, w2 M) py = 0. (3.10)
Here p_, is the dimensionless mean fluid density in the region y < —y,. Two linearly
independent solutions of (3.10) are e*-¥ and e~2-¥, where

A_ = (a2~ p, w2 M2, (3.11)

Again the choice of the branch cuts of the square-root function in A _ is quite arbitrary
at this time. Ultimately it is decided by the process of matching the inner and the
outer solutions. In anticipation of this we will choose the branch cut as shown in figure
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5.Toavoid confusion the frequency parameter w should be treated as a Fourier—Laplace
transform variable with an infinitesimally small positive imaginary part. Formally
we will take the branch points of A_ to be at

a= 511131 + pt, M(w+1d).
This choice of the branch cuts ensures that —inm < arg(A_) <im in the complex
a-plane.

Now for y < —y, the solutions {,(s,y) and {,(s, ) will, in general, each be a linear
combination of the two linearly independent solutions of (3.10). This may be
expressed explicitly as

&i(s,y) = Bila) er-v +E1(“) e A=Y,
(¥ < —¥n) (3.12)

Lls.y) = (@) et ¥+ By(@) e,
In (3.12) the constants 8,, B, 8, and S, are functions of the wavenumber .
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To sum up, from (3.1) and (3.9) the one-term inner expansion denoted by a
subscript i is

D1 = [Ag(8) (5. )+ Bo(s) Lols, ) + O(e)] e, (3.13)

The behaviour of the functions £, and &, for y > y,, and y < —y, are given by
equations (3.8) and (3.12) respectively. In this solution the functions 4,(s), By(s) and
a(s) = df/ds are still unknown. They will be determined later. For damped waves
the functions ¢ (s,y) and ,(s,y) are to be constructed by the deformed contour
integration method to be carried out in the complex y-plane as discussed by Tam
& Morris (1980).

4. The outer solution

There are two outer solutions in this problem. One is to be valid in the region y > y,,
and the other in the region y < —y,. To distinguish these two different solutions we
will refer to the former as the upper outer solution and the latter as the lower outer
solution. In §1 the choice of suitable outer variables was discussed. It was argued
that in regions far away from the mixing layer the acoustic wave should propagate
with no preferential direction. To comply with this physical requirement the spatial
coordinates must, therefore, have the same scaling in all directions. The appropriate
outer variables were found to be s = ex and ¥ = ey. In the region where the upper
outer solution is valid the governing equations (2.4) and (2.5) written in the outer
variables become

) ou op
T E T T o
0 0w 0p
Tt E T Ty (1)
e Op  Ou %—_—
i Mp+ M=+ =+ = = 0.

In the limit ¢ >0 with the outer variables fixed (4.1) is exact to all powers of €. By
eliminating » and v from (4.1) a single equation for p may be found:
Lo 0)? 02 02
M2(—1;+&) p—(és—era—gg):o. (4.2)
Since the domain of this solution extends to ¥ oo, it must satisfy the boundedness
or outgoing-wave condition there. In addition, this upper outer solution must match
the inner solution according to the matching principle.

A formal exact solution of (4.2) satisfying the boundedness or outgoing wave
condition at §— o0 can easily be found by the method of Fourier transform. To
construct this solution, the first step is to apply a Fourier transform to the s-variable
in (4.2). The transformed equation is an ordinary differential equation which depends
on the variable 7 alone. This equation can be solved in a straightforward manner.
By inverting the Fourier transform, the upper outer solution denoted by a subscript
o and a superscript u may be written as

(s, y) = ij g(k, €)exp {i[Mz(w—ek)z—kzez]é% +iks} dk. 4.3)

In (4.3) k is the Fourier transform variable. The function g(k,¢), without loss of
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generality, will be considered as a Fourier transform of an arbitrary function A(s, ¢)
as follows:

gk, e) = QIE f A(s, €) elf(/e—iks g (4.4)

This representation of g(k, €), suggested by the work of Tam & Morris (1980), will
facilitate the process of matching solutions later on. In order that the boundedness
or outgoing wave condition at 7 — co be satisfied, the branch cuts of the square-root
function [M?*(w—ek)®—k%>]t in (4.4) must be specified properly. This function
depends on the variable 9y = e¢k. Thus in the complex -plane the branch cuts are to
be inserted such that 0 < arg [M?(w—7)?—9%]: < n. This choice of the branch cuts
assures that as §— o0 the upper outer solution of (4.3) either goes to zero or represents
an outgoing wave for all values of  in the complex plane. As a function of 5 the
square-root function can easily be recognized to be identical with A (%) (see (3.7)).
The branch cuts of A (x) and A_(y) are the same in the a- and p-planes (see
figure 4).

In the region y < —y, a formal cxact lower outer solution may be constructed
following the same steps as above. This solution which will be denoted by a subscript
o and a superscript /, has the form

po(s, ) = J g(k,€)exp {,u(ek,e)% +iks} ds, (4.5)

where the function §(k, €) is given by the Fourier transform of an arbitrary function

Als,€): { (=
gk,e) = %f_m A(s, €) eif0®/e—iks dg, (4.6)
The function u(ek, €) in (4.5) when written out explicitly is

_i0leng) py MP | [(6h)* = pop M0/ (1 = (5.) oy M)
B T (er )P M (1= (60,0)2 poo M2

4.7)

The branch cf the square-root function in the §-plane (§ = ek) to be used in (4.7} is

P M0 T
(1 —(eﬁw)zpoo MZ)
This choice ensures that the boundedness or outgoing-wave condition at §—~— o0 is
satisfied.

To sum up, the upper and lower outer solutions are given by (4.3)—(4.6). In these
solutions the functions A(s,€) and A(s, ) are arbitrary. These functions are to be
determined by the process of matching, which will be discussed in §5.

—in £ arg[§2— < in. (4.8)

5. Matching of solutions

In many fluid-mechanics problems that are solvable by the method of matched
asymptotic expansions (see Van Dyke 1975, §5.8 and also note 5) the overlap domain
of validity may become vanishingly small in the outer or the inner limit. When this
occurs the usual inner- and outer-limit matching process would fail. Fortunately,
according to Kaplun’s (1967) concept of continuum of intermediate limit the problem
can generally be resolved by the usc of intermediate matching, a procedure always
favoured by Cole (1968). [t turns out that the problem under consideration falls into
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this category. Hence to match the solutions we will follow the intermediate matching
principle of Van Dyke and Cole.
Let us introduce an intermediate variable § defined by

§ = e/Ny, (5.1)

where N is a large positive number (N » 1). In addition the slow coordinate variable
s will again be used. In the present problem the outer solutions given by (4.3)—(4.6)
are exact to all powers of €. Therefore the intermediate solution can easily be obtained
by changing the coordinates of the outer solutions to the intermediate variables, i.e.
replacing 7 by €'~ ¥§ in (4.3)-(4.6). Since the outer and intermediate solutions are
identical, to match the solutions (according to the intermediate matching principle),
it is only necessary to show that the asymptotic expansion of the intermediate
solution agrees with the intermediate limit of the inner solution to the appropriate
order.

To develop the intermediate asymptotic expansion we will first rewrite (4.3) and
(4.4), the upper intermediate solution, in the following form obtained by changing
the integration variable to %, where 4 = ¢k:

© 1 . . ins
pe(s.§) = f gg@, e) exp [Vh(v) ge +%} dy, (5.2)
1)L [0

g<6,6> o) . A(s, e)exp - ds. (6.3)
It will be assumed that the unknown function 4(s,€) has an asymptotic expansion

of the form ©
As,e) = T €4, (s). (5.4)

n=0

On substituting (5.4) into (5.3), the integral, in the limit ¢ >0 with # fixed, may be
evaluated asymptotically by the well-known saddle-point method. The phase function
F(s) of the integral is

F(s) = i(0(s)—7s). (5.5)
The saddle points are given by the roots of F'(s) = 0 or, from (3.2),
a(s)—y = 0. (5.6)

We will assume that the two-dimensional mixing layer has only one unstable wave
mode, which implies, as will become clear later, that (5.6) has only one root. Let us
denote this root by s=s() where a(s)=1. (5.7)
Dingle (1973) has worked out the formulas for the full asymptotic expansion of an
integral of the form that appeared in (5.3). On following his formulas, the first few
terms of the asymptotic expansion can easily be found. They are

1)t T exp[i 0@ =15
9<E,6> [—i2na’(§):] exp[l . ]D(vy,e), (5.8a)
where .
D(”ae) = ZO(§)+€{21(.§)+ 2j;ﬁ[‘30(5(‘1”)‘2_3al‘zul)

—124; a’a”+12ﬁg(a')2]} +0(e?), (5.8b)

dz24(3)

ds? -’

1=
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Ficure 6. The y-plane showing the branch cuts of A (%), the saddle point 7 = a(s) and its
trajectory as s increases, and the deformed integration contour.

On substituting (5.8) into (5.2), the infinite integral can again be evaluated asymp-
totically by the saddle-point method. Here we have

. Jw exp[ig(iL_—Z—(ﬂ+iA+(n)ge_l/N]
U, i)~ — Dy, e)dy. (5.9
BT mea BReR (—i) e)ds. (5.9)
c—>0

The saddle point in this case is given by the root of

L ios)—p(s—s)] =0

d7
or
ds
a(8)—n]5— —(8—s8)=0. 5.10
[os) — 1 g, = (5=5) (5.10)
But, from the definition of § given by (5.7), the first term of (5.10) is zero, so that
5(n) = s. (5.11)

Equation (5.11) gives the implicit relation of  as a function of s. However, when this
condition holds, the explicit relation is given by (5.7); that is,

7 = as). (5.12)

(Note that the s-variable in (5.12) is the slow coordinate variable in the flow direction,
whereas the s in (5.7) is the integration variable of the saddle-point method.) Notice
that the location of the saddle point # = a(s) depends on the slowly varying
coordinate s. As s increases or when one follows the wave motion in the downstream
direction the saddle point traces out a path in the complex 7-plane as shown in figure
6. Now deform the »-integration contour in the complex %-plane to pass through the
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FicUrE 7. £-plane showing the branch cuts of A_(£), the saddle point £ = a(s) and its possible
trajectories as ¢ increases, and the deformed integration contour.

saddle point. The asymptotic expansion of the integral of (5.9) can easily be evaluated
following the procedure of Dingle (1973). After some lengthy but straightforward
algebra we find

i

i)
pe ) ~ exp|iZhin @ e | {A0+ e (e A

s, ¥ fixed
€—>0
+ e UNAAL A+ A A G+ ed (s)+ 0(62_4/N)} , (5.13)
h
where v - d_’\_t ) _ d2a, , _da 1 - dA,(s)
+ da 5 + da2 s a = '(Ea 0o ds :

Similarly in the region below the mixing layer, a lower intermediate solution can
be found. On evaluating the integrals involved by means of the saddle-point method
and assuming that the arbitrary function A(s,€) has an expansion of the form

o]
A(s,e) = X €A, (s), (5.14)
n=0
the following asymptotic expansion of the lower intermediate solution is derived:

a(s)

€

P ~ expli +A_(a>z7e—1/N]{ro(s)—el—Z/Nlm’_)?a’Aoz?
s,f/f})xed 2

— YN o g+ AL Ay~ 0 poy M2A) T+ €4, (s)+ 0(62—4/N)}, (5.15)

where @ @ g ddy
=7 da 7T T da?r 0 ds

Of interest later on is the path of the saddle point £ = «(s) in the complex £-plane
(€ = €k). In general, two classes of trajectories are possible. They are shown as paths
‘A’ and ‘B’ in figure 7. The class typified by path ‘A’ has a trajectory which crosses
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the real £-axis to the right of the branch point p{, Mw. The class typified by that of
path ‘B’ follows a trajectory which reaches the real £-axis at the branch cut. We will
temporarily assume that the saddle point follows path ‘A’ as s increases (the ‘damped
subsonic wave’ case). In the case of path ‘B’ one encounters the ‘damped supersonic
wave’ problem as discussed in §1. This case will be considered in §7.

Now we will take the intermediate limit of the one-term inner solution given by
(3.13). On accounting for the behaviour of the function {; and {, as their argument
-+ a0 (see (3.8) and (3.12)) it is easy to find

Imps e gsa®  Aal®) 140" 4 B (s) e 00N L O(e17HN)),  (5.16)

lim p, ~ e ®/e[(Ay(s) B1(@) + Bo(s) Ba(a)) et-ge M

e>0" 5 Ytixed, ¥ <0
+(Aol8) By(@) + Bys) Bala) e 77T + 0N (5.17)
On comparing (5.16) with (5.13), matching to terms of order unity is achieved if
By(s) =0, (5.18)
Ay(s) = Ayls). (5.19)

and

Similarly on comparing (5.17) with (5.15), matching to terms of the lowest order is
possible if Br(@) =0, (5.20)
Ay(s) = Ay(s) fil)- (5.21)

Equation (5.18) requires that the one-term inner solution (3.13) should be a function
of ¢, alone. Equations (5.19) and (5.21) relate the lowest-order amplitude function
of the outer solutions to that of the inner solution. Equation (5.20) cannot be satisfied
except for special values of a. These special values are the eigenvalues of the
commonly used locally parallel-flow hydrodynamic stability theory. When the local
eigenvalue a(s) is such that on following the instability wave motion downstream it
traces out a trajectory of type ‘A’ as shown in figure 7, the one-term inner solution
asgiven by (3.13) decaysto zero asy - + 0. Thisis so despite the fact that the solution
is actually not valid in the limit of unbounded values of y. In this case the inner solu-
tion is identical with the eigenfunction of the classical locally parallel-fiow hydro-
dynamic stability theory. At this stage, except for the unknown amplitude 4y(s), the
one-term inner solution as well as the one-term outer solution have been completely
determined. An equation for 44(s) will be found at the next stage of the matching
process.

and

6. The wave-amplitude equation

The second term of the inner solution (to order ¢) is given by the solution of (3.4)
withn =1:
[ 2 01,
oy? w—a#dy poylody
The inhomogeneous term y, depends on the zeroth-order solution p, only. Except
for the zeroth-order amplitude function A4,(s), this solution has been found, so that
we may regard y, as a known function of s, y and A4,. The solution of the
inhomogeneous equation (6.1) can be constructed by the method of variation of

+ P M0 —au)®—a®]p; = x.1(s,¥). (6.1)
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parameters (see Boyce & DiPrima 1977). In terms of the two linearly independent
solutions of the homogeneous equation ¢ (s, y) and (s, y), which have been used in
(3.9), this solution may be written as

_ Yooxals f) (s, t)dt Yoy(s, ) G(s, t)dt
P = gl(s’ y) J.&(s) W(gla €2) + €2(8 J;}(s) W(g17 €2) 1(8) gl(s) ?/),

where 7(s) is an arbitrary function of s. Without loss of generality, we will assume
that —y, < § <y, W(C,, &) is the Wronskian and 4,(s) is the e-order amplitude
function of the instability wave.

In the regions y > y,, and y < —y, the two linearly independent solutions {; and
¢, are exponential functions of y given by (3.8) and (3.12). Thus in these regions, (6.2)
may be written out explicitly in terms of simple functions of y. These expressions
will be useful to the operation of matching the inner solution with the intermediate
solution to be carried outlater. After somealgebraic manipulationsitisstraightforward
to find

P = B2 42+ G A+ AL Ay y+ D] eV + Ee™ ™Y (y > y), (6.3a)

(6.2)

where
_ Ym y,(s,t) Eols, £) dt X1(8,8) &y(s, £) _ 1 v s ;oqr
D—A1+L TR AR +Lm Wit g G A XA, (630
__ meI(S’t) gl(sit)dt XI(S,t) gl(s’t)dt,
p=] (A J S T A (6.3¢)
P = [‘éi(’\’—)z a/fio .7/2_i(%/\Z alfio'*'
. Ayt py M2A,) y+ Fler-Y+Ge ¥ (y<—y,), (6.4a)
where
Yn y,(8,t) Eo(s, t)de 1 ("¥n 3
F=p4, ﬂlj WG 5/\—1'[ Xa(s, tye~ Mt dt
" xi(s, 1) (s, t)dt 8 E(s, t)de
+
ﬂ '[ €1a€2
4,\2 (—2iad;—ia’ 4y —i(A)) *a’ Ay~ 2iw, po, MPA,), (6.45)
Yn xa(s, 8) &i(s, £) di “Yn (s, £) (s, t) dE
Q= LS___._ 1 _ _
4 U e~ e (6:4¢)

On substituting (3.9), (6.2), (5.18), (5.19) and (5.21) into (3.1), the two-term inner
solution is found. This solution must match the intermediate asymptotic expansions
(6.13) and (5.15) in the intermediate limit. By means of (6.3) and (6.4) the
intermediate limit of this two-term inner solution can readily be calculated:

limp; ~ el0W/icfede/™N T 4 a-2UN LA )20 3

e~0 5 Ffixed
Y >0

+e VNGl Ao+ AL ) G+ D)+ eB oA TN 4 O(e2-uNY)(6.5)

hmpl ~:_, deiﬁ(s)/e {e/\_gel/N [[’1‘0__61_2/1\/ %1(/\ ) /A ~2_€1 1/N; (1/\” /A +/\ A
€=0 8, yfixe
@ <0

— Wl P M2Ag) J+eF]+eGe 2=V L 024N}, (6.6)
where D, E, F and ( are the same as in (6.3) and (6.4).
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To terms up to order €'V, (6.5) agrees with the upper intermediate asymptotic
expansion (5.15). Similarly to the same order, (6.6) and the lower intermediate
asymptotic expansion (5.16) are equal. Now to match terms to order ¢ we must have

A, =D, (6.7)
E=0, (6.8)
4,=F, (6.9)
G =0, (6.10)

Equations (6.7) and (6.9) define the values of the unknown function 4, and 4, in
terms of known functions of s and A4,(s). Equations (6.8) and (6.10) provide two
equations for the two unknowns 4,(s) and §(s). (Note that y, is a linear function of
A, and Ag(s).) By subtracting one of these equations from the other to form
E—@G/B, =0, a single equation for A4,(s) is obtained:

Ym Xl(sat)a gl(s’t) dt Xl(s?t)él(‘g’t) dt ynXI 8 t €1 S t d
j A Lm W) +j W&, %)

On writing out the above equation in full, one obtains a first-order ordinary
differential equation for 4, in the form

d
I, f‘+1A._0 (6.12)

t=0. (6.11)

In (6.12) I, and I, are known functions of s. They are, however, quite complicated
and will not be given here. The solution of (6.2) is

8

Ay(s) = Zexp[— J éds]. (6.13)
soto

With the instability-wave amplitude A44(s) determined, the complete solution of the

present problem (both inner and outer solutions) to order unity is now found. The

¢-order wave amplitude, namely A4,(s), is still not specified at this stage. It will be

decided by matching terms to order €.

Tt is interesting and important to point out at this time that in the case of ‘damped
subsonic waves’ (6.11) is identical with the solvability condition of the multiple-scales
solution of Tam & Morris (1980). To show this, it can be verified under the assumption
of a ‘damped subsonic wave’ that the second and third terms of (6.11) are equal to
the following integrals:

X1 s, 1) £,(s,¢) © xi(s,t) §i(s, t)di
dt = e 6.14
J o WG T WG (0.14)

Y yi(s, ) (s, 8)d Yy, (s, 1) §i(s, 8)
= A ats | 6.15
J W&, &) = Y VGG (6.19)
By combining these two equations with (6.11) we find
® XISt)CISt)dt 61

J—oo W&, &) (6.16)

The Wronskian W({,, £,) of (6.1) is equal to a constant times p(w —aw)?. In this form
it is easy to see that (6.16) is identical with the solvability condition given by equation
(2.19) of Tam & Morris (1980). Therefore in the case of a ‘damped subsonic wave’
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the solution obtained by the method of matched asymptotic expansions and that
obtained by the method of multiple scales are the same, at least to order . We expect
the two methods would give identical results for the higher-order terms as well.

7. Resolution of the supersonic damped wave problem

When the flow is highly supersonic the phenomenon of the ‘damped supersonic
wave’ described in §§1 and 5 will inevitably occur. The basic problem here is that
as soon as the locally parallel instability-wave solution having supersonic phase
velocity relative to the ambient speed of sound becomes damped it is not possible
to find a solution of the same family that remains bounded in the limit |y| > co. Within
the framework of the classical hydrodynamic stability theory and the more recent
theories based on the method of multiple scales (e.g. Saric & Nayfeh 1975; Crighton
& Gaster 1976; Plaschko 1979; Tam & Morris 1980; Morris 1981) this boundedness
condition is an essential requirement in the formulation of the lowest order or the
instability-wave solution. Failure to meet this specification renders these methods
rather useless. The reason which leads to the breakdown of these approaches is not
too difficult to find. Earlier Tam & Morris (1980) have shown that the multiple-scales
instability-wave solution is not uniformly valid for large |y|. It should therefore not
be too surprising that the solution exhibits undesirable behaviour in this region. From
the standpoint of the method of matched asymptotic expansions, the imposition of
the boundedness condition on the instability-wave solution at |y| > 00 appears to be
somewhat unreasonable and unnecessary. Here the locally parallel-flow instability
wave solution is just the first-term inner solution. This solution, however, does not
represent the physical wave motion at large |y|. In this region only the outer solution
would provide the correct description of the wave field. Requiring a solution to satisfy
an imposed boundary condition in a region where it does not represent the physical
entity naturally would lead to unsurmountable difficulties. In this sense the failure
of the method of multiple scales to produce a valid global solution is not entirely
unexpected.

In constructing the spatially growing instability-wave solution by the method of
matched asymptotic expansions the imposition of the boundedness or outgoing-wave
condition at |y|— o0 is never a problem. This condition can always be satisfied by
the outer solutions. Within this method, the ‘damped supersonic wave’ phenomenon
therefore no longer manifests itself in the boundedness condition at |y| o0, but
instead shows up in the process of matching solutions. As discussed in §5, when it
occurs the trajectory of the saddle point § = a(s) in the complex §-plane runs into
the branch cut of the function A_(£) as illustrated by path ‘B’ of figure 7. This
problem can, however, be easily resolved by the use of analytic continuation.
Suppose the saddle point follows path ‘B’ of figure 7 as s increases. Upon reaching
the branch cut of A_ at the positive real £-axis, the trajectory, according to the theory
of complex variables, may be analytically continued into the second Riemann sheet
as shown in figure 8. This is permissible because boundedness of solution at large |y|
is no longer a requirement of the inner solution. To evaluate the §-integral by the
saddle-point method it will now be necessary to deform the integration contour
analytically into the second Riemann sheet to pass through the saddle point as well.
This can be done, however, without changing the form of the asymptotic expansions
at all. With the above modification of the saddle-point trajectory it is easy to see
that the inner and outer (or the intermediate) solutions obtained in the previous
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Figure 8. Complex £-plane showing analytic continuation of the saddle point § = a(s) and the
integration contour into the second Riemann sheet for supersonic damped waves.

sections will remain valid even for very high supersonic-Mach-number flows. In other
words, the ‘damped supersonic wave’ phenomenon poses no real obstacle to the
construction of a global instability—acoustic-wave solution by the method of matched
asymptotic expansions.

8. Concluding remarks

At the end of §6 it was pointed out that for ‘damped subsonic waves’ the method
of multiple scales and the method of matched asymptotic expansions when applied
to the problem of spatially growing instability waves gave identical results. Despite
this fact, we wish to emphasize that these two methods are actually based on two
fundamentally opposite points of view. The method of multiple scales is rooted
primarily in the supposition that the instability wave is a local event in the mixing
layer. It is only when the growth and decay of the wave amplitude in the flow
direction are considered in their totality that the global picture of the entire wave
phenomenon emerges. Thus the method is predicated on the existence of a local
instability-wave eigenvalue solution. The wave-amplitude equation which describes
the global nature of the wave is obtained from the solvability condition of the basic
eigenvalue problem. Physically this solvability condition may be interpreted as the
requirement that the local nature of the instability-wave solution is not to be violated.
In this way the global character of the solution is treated by this method only as
a secondary consequence of the local instability wave phenomenon. On the other hand
the method of matched asymptotic expansions is based on the premise that the
instability wave and its associated noise field form a global problem. Therefore, even
at the very beginning, the problem must be considered in its entirety in the whole
physical space. Although, of necessity, the full solution is divided into an inner
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solution which eventually gives the instability wave and an outer solution which gives
the far-field radiated sound, they are to be considered to be of equal importance. In
fact the two solutions are mutually dependent on each other. In this method the local
nature of the instability wave is revealed only in the matching process. A closer
examination of the steps taken in matching the intermediate and the inner expansions
as described in §§5 and 6 shows that only a small portion of the total information
contained in the outer solution is used. Primarily it is the parts of the integrand near
the saddle points of the outer solutions (4.3)-(4.6) (see figures 6 and 7) which are
involved in the matching. The radiated sound field, which can be shown to be given
by the contributions of the integrand near the branch cuts, does not play any vital
role. In spite of this, matching is a global process requiring the agreement of the inner
and the intermediate (or outer) solutions over an extended region of space. Matching
terms to order unity requires the existence of an instability-wave solution over the
whole length of the mixing layer in the flow direction. Matching terms to order €
provides the global amplitude distribution of the wave and its associated acoustic
field. Now if the flow is subsonic or incompressible the disturbances associated with
the entire phenomenon are confined to the immediate neighbourhood of the mixing
layer. In this case both methods should be applicable, as in a sense the problem is
still local in nature. However, when the flow is highly supersonic the radiated sound
field becomes increasingly important. It now extends all the way to infinity. When
this is the case, the problem is definitely global in nature. Based on the above
discussion, clearly in this instance the only logical way to analyse the problem is by
the method of matched asymptotic expansions of this paper.

Finally we would like to mention again that the acoustic field associated with the
spatial evolution of the instability wave is embedded in the outer solution. If one
is interested in the radiated acoustic field it is only necessary to perform an asym-
ptotic evaluation of the k-integral of the outer solution under the condition
r = (22 +y®)t > 00. This can be done by the well-known method of stationary phase.
We will not carry out this analysis here as it is not the main point of interest of the
plane mixing-layer problem. A detailed calculation of the radiated sound field for an
axisymmetric supersonic jet will, however, be given in Part 2 (Tam & Burton 1984).
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computational aspect of the ‘ Damped supersonic wave’ phenomenon. This research
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